This work presents a modified Kedem-Katchalsky equations for osmosis through nano-
Introduction
The osmotic water fluxes coupled to solute transport is common in both biology systems and membrane technology: ordered mass transfer across the cell membrane plays important physiological roles; different kinds of artificial membranes have been applied to many areas such as desalination [1] [2] [3] , purification of biotechnology products [4] [5] [6] [7] and capturing osmotic energy [8] [9] [10] [11] [12] [13] . Kedem-Katchalsky (K-K) equations [14] and their improved versions [15] are usually used in analyzing such phenomena. The effects of solute molecular size and shape on the reflection coefficients in K-K equations have been an important research topic because of its definite application background in both bio-osmosis and membranes technology. In this topic, the long pores (L>>D, the length of the pore is much greater than its diameter) had been systemic studied [16] [17] [18] . For long pore, the entrance effects are usually neglected as an approximation. However, many researches have shown that [19] [20] [21] [22] the entrance effects play very important role in mass transfer through short channels. What's more, a study by Sisan and Lichter revealed that the entry effects should not be neglected even for long pores at the nanoscale [23] .
Although widely used, it is difficult to make a direct verification of this model by experiments because the pores of most artificial membranes are inhomogeneous in both sizes and shapes. The discovery of aquaporin (AQP) provides us a perfect touch-stone to check the K-K equations. All channels of one kind of AQP are the expressions of the same gene and thus have exactly the same structure, which can be determined in high resolution by both electron crystallography of 2D crystals and X-ray crystallography of 3D crystals [24, 25] . Using stopped-flow [26] , the fast non-equilibrium osmosis process through AQPs can be recorded. AQP1 is the main water channel of red blood cell (RBC) and contributes most of its water permeability. AQP1 has a selectivity filter which is so narrow that only water molecule can pass through [24] . Therefore, from the K-K equations, the σ of a solute to RBC should be a value closed to 1. However, many experiments about RBC indicate σs of some small molecules are much smaller than 1 and have a close relation with their molecular sizes [26] [27] [28] . This phenomenon had been qualitatively explained by Hill and coworkers as a result of that these impermeable solutes can enter the vestibules of AQP1 to contribute parts of their momentums [28] .
In this way, the two σs of K-K equations can be different with each other. They also defined two coefficients, the "osmotic" coefficient (σo) and the "ultrafiltration" coefficient (σs) [29] to replace the reflection coefficient(σ) in K-K equations. In a study of the effects of molecular shape on reflection coefficient by Bhalla and Deen [18] , they proposed a similar idea (osmotic reflection coefficient and filtration reflection coefficient).
Based on the summary of the existed researches, we provide a modified model of K-K equations for nano-osmosis.
where Jv is the volume flux, Js is the solute flux, ΔP and Δπ are the pressure and osmotic pressure differences on both sides of the semipermeable membrane, respectively, Lp, is the hydraulic conductivity, ω is the solute permeability, x is the selectivity rate of the selectivity filter of the pore, c is the solute concentration outside the pore.
Although the qualitative analysis by Hill reveals the nature of the problem about the defects of K-K equations when applying to nano-osmosis, the qualitative explanation also limits its application. In this work, a quantitative result and its possible applications are presented. By analyzing the experimental data [26] [27] [28] 30] , σo of a solute was found to be chiefly affected by the entrance of a pore while σs can be affected by both the entrance and the internal structure of the pore. Using an analytical method, we get the quantitative relationship between σo and the molecular size as follows:
where d is the effective diameter of entrance of the one pore, dm is the effective diameter of a solute molecule, and β=dm /d, is the relative size of a solute molecule to the pore. Equation (2) describes how the molecular sizes of solutes affect the osmotic pressure:
the σos of molecules increase with a third power of their βs up to a constant value 1 (Fig.   2 ). This phenomenon is suggested to be named as "Solomon-Hill effect" because that it was first measured by Solomon [26, 27, 31] and first explained by Hill [28] . Solomon found this phenomenon in studying water permeability of red cell and predicted the existence of water channel (now known as Aquaporin). Equation (3) gives a quantitative description of Solomon-Hill effect. From the derivation process below, we will find that Solomon-Hill effect is a result of the interaction between solute molecule and the entrance of a pore. Therefore, Equation (3) remains valid even for solutes which cannot pass through a pore.
Method and result

"gas analogy" of Van't Hoff, McMillan and Mayer statistical theory for solution
The analytical method used in the paper might be associated with early "gas analogy", which was first introduced by Van't Hoff [32] to give an explanation for his equation of osmotic pressure. However, his gas analogy had been questioned as it seems to ignore the intermolecular forces in liquid and once abandoned for a long time [33] . After six decades, McMillan and Mayer [34] proposed the statistical theory of the osmotic pressure and gave the theoretical explanation basis for the classic gas analogy of Van't Hoff: the presence of the solvent only implicitly appears as the potentials of average force of the solute molecules, which are influenced by the presence of the solvent [34] .
For a dilute solution, compared with their mean free path, the mean distance between the solute molecules is so large that the interaction between them is weak. In this situation, the solvent can be regarded as a continuous medium, acting as the space of "idea gas" of solute molecules. Thus, the result of McMillan and Mayer statistical theory for osmotic pressure of dilute solution can be simplified to the Van't Hoff Equation. where β=dm /d, is the relative size of a molecule to the pore. If a molecule moves along a direction larger than θc, it will be larger than the visible diameter of the pore (dm>dVθ) and won't be able to enter the pore, and consequently will not contribute its momentum.
σo and Solomon-Hill effect
This kind of collision is called a supercritical collision. Conversely, all the collisions of solvent molecules can contribute their momentum to pore. Therefore, compared with a pure solvent, there will be a negative pressure for the pore resulting from the supercritical collisions of solute molecules. This negative pressure is the osmotic pressure.
From the Knudsen cosine law [35] , the number of molecules (dN) that move to a finite area (dA) along the direction θ in unit time (dτ) can be described as follows:
where N is the number of solute molecules and V is the volume, n=N/V is the number density per unit volume of this kind of molecule,  is the root-mean-square velocity of gas molecules, dΩ=sinθdθdφ is the solid angle between θ and θ+dθ.
The vertical component of the momentum change (Δm ) of a molecule from the direction θ is 2m cosθ, where m is the weight of the molecule. The negative pressure of the pore can be calculated as follows:
After simplifying and integrating the above equation to get the sum of supercritical collisions, 
From the equipartition theorem, we know that (4), (7) and (8) 
σs and primary screening effect
If the size of a solute molecule is smaller than the entrance of a pore (dm<d), the probability that it can pass through the pore is affected by both the entrance and the internal structure of the pore. The entrance offers a primary screening effect: the solute molecule which moves along a direction larger than the critical cut-off angle will be kept away. By integrating Equation (5) from θc to 2π, we can get 2 3 2 so
There are two "fates" for the solute molecules entering the pore: passing or being repatriated, which is determined by the selectivity filter in the pore. The passing rate (α)
can be described as the follow equation 
where x is the selectivity rate of the selectivity filter in the pore.
The number of a solute that can enter the pore (N) in unit time is 
where M is the molar mass of solute, and n is its number density. Equation (12) indicates that lighter and smaller molecules have a better chance of passing through a pore.
Comparing with experimental data
In order to verify the accuracy of the model, we compared its theoretical predictions with experimental results. The theoretical predictions agreed well with experimental results, showing high accuracy of our model.
3.1.Effective diameter of small molecule
In the basic model above, the solute molecule was regarded as spherical to obtain the fundamental relation between σo and dm. However, besides special cases, most solute molecules are non-spherical. So, how to define their equivalent diameters?
Most small molecules can be regarded as short columns, the geometrical shape of which can be described by length (L) and cylindrical diameter (dc). in the qualitative discussion by Hill [28] , cylindrical diameters were chosen as the indicator of molecular size. However, the thermal motion of a molecule in solution is so intense that one molecule may impact a pore in any possible posture. As shown in Fig.1 (b) , a molecule moves along an arbitrary direction θ with an attitude angle (η, the angle between its axis of symmetry and its flying direction). The viewed diameter of the molecule from the pore (dη) can be described by
Integrating the above equation at the value range of η from 0 to π/2, the equivalent diameter of a small molecule can be calculated,
For big molecules, their Stokes radius can be used as their effective diameter.
σo of small molecule to AQP1
The water permeability of a cell is usually a joint contribution from its cytomembrane of lipid bilayer and one or more kinds of water channels. The apparent osmotic coefficient σ* of a cell can be described as:
where ki is the proportion of ith water channel with σi, while i = 0 stands for the lipid bilayer. Assuming that AQP and the lipid bilayer contribute the total water permeability of a cell, there will be only two terms at the right of equation (15) 
where k0 and k1 are, respectively, the contributions of the lipid bilayer and of AQP to the total osmotic water permeability.
For human RBC, AQP1was found to contribute more than 85% of the total osmotic water permeability and only about 10% of lipid bilayer permeation [36] at 20℃. Toon & Solomon [27] measured the σos of small solutes to human RBC at 25℃ and their data was shown in Fig. 3a . All molecular lengths and cylindrical diameters were taken from ref. [37] . The calculated k0 =11.3% and k1 =88.7%, conforming well to the results of ref. [36] : k0 ≈10% and k1 >85%. Some experiments [38, 39] with UT-B (Urea Transporter-B) indicated that UT-B also contributes a part of the water permeability of the erythrocyte. The experimental methods using RBC [27, 36] were unable to distinguish AQP1 from UT-B. Their results regarding AQP1 were actually an integrative effect of AQP1 and UT-B. In our previous work studying the information thermodynamics of AQP1 osmosis, the RBCs of both common mice and UT-B knockout mice were used [40] . The influence of UT-B to σo of small molecule to RBC was found to be limited. Same molecular sizes were obtained using MMsINC [41] , a database that gives molecules' Sterimol sizes. The lengths were taken from the Sterimol L directly, while cylindrical diameters were the sum of Sterimol B1 and Sterimol B4. σs of all small solutes to AQP1 expressed in Xenopus oocytes were about 1. The intercept for HA/FA-AQP1 indicated the contribution of water permeability by the cell membrane of oocytes was 5.7%, agreeing well with the measured result 5.2% in ref. [30] . The variance between σo to erythrocytes AQP1 [27, 28, 42] and σo to oocytes-expressing AQP1 [30, 43] shows that there is a difference in vestibule structure of AQP1 when it expresses at different kinds of membranes. The studies on the lipid-protein interactions of AQP1 [44] [45] [46] [47] suggest that it is a result of the effects of membrane tension. 
3.3.Primary screening effect of the vestibules of AQPs
The vestibules of AQPs can offer a primary screening to different molecules before their constriction region. This primary screening effect, to a certain extent, can protect their excellent osmotic water permeability by preventing possible channel blockage of
AQPs. Fig. 3 shows a comparison between the theoretical values calculated from σo using equation (10)- (12) (assuming all the selectivity rates (xs) of permeable solutes is a constant approximatively) and the experimental values [30] with an index of the ratio of solutes permeability to the water permeability (Ps/Pf). Water permeability (Pf) is a good indicator of the largest potential of the permeability of a channel. Therefore, Ps/Pf can characterize the degree of difficulty for a solute to pass through a pore. Both of these results were presented by using a non-dimensional method for easier comparison.
The error in theoretical value was a propagation of the experimental errors of σos. The slope of the linearized line is 0.96 with a correlation coefficient of 0.95. 
Conclusion and discussion
In this work, we provided the quantitative relationship between σo and the molecule size, which is verified by comparing with the experimental data of aquaporin osmosis.
The K-K equations are improved to extend its application from marco-osmosis to nanoosmosis.
()
σo represents the momentum loss because of the shelter of the entrance of the pore, while σs is the proportion of molecules which are kept out because of primary screening effect. Therefore, we think primary sieving coefficient is a more appropriate name for σs. 
 
The pH sensitivity of AQP permeability was first investigated by Zeuthen & Klaerke [43] , who found that as the pH value dropped from 7.4 to 6.4, AQP3 lost half of its water permeability reversibly. Besides AQP3, the water permeation of AQP0 [48] and AQP4 [49] reach a maximum at pH 6.5 and pH 8.5 respectively, while AQP6 [50] is activated below pH 5.5. From Equation (3), we can find that the driving force of AQP osmosis changes with the equivalent diameter of its vestibule. The equivalent diameter (d) of the vestibule surrounded by loops with abundant polar amino acids can be effected by the pH of the solution [48, 51] . Then σs of solutes to AQP will be changed.
Therefore, only small changes in side-chain positions of loops are enough to regulate AQPs' water permeability rather than requiring a global change in its structure. This agrees with the x-ray structure of AQP0 by Harries and coworkers [52] : there is little evidence in the structure to support blockade in a static sense at pH 10. Therefore, an AQP may be able to work as a regulation valve by adjusting its vestibule size, not just as a block valve which only can open or close [53] . This possible rapid permeability regulating mechanism of AQPs may offer cells more flexibility to adapt various environments.
Separating efficiency and operating pressure are two important indicators of artificial membrane properties. The former has determinative effects on the purity of the purpose product while the second one has a direct relation to the energy consumption of the membrane separating system [54] . Unfortunately, from K-K equations, it is found that the performance improvements of these two indicators seem to be mutually incompatible goals. However, from the modified model in this work, we can find that high separating efficiency and low operating pressure can be achieved simultaneously if the pore has special geometry as AQP. The dumbbell-shaped structure of the AQPs makes them have both excellent water permeability and outstanding selectivity to solute molecules. This can inspire the design of new membranes with better performances.
